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Abstract:
The Re´nyi entropy for the ŜU(N)1 WZW model as described by N free fermions
coupled to a U(1) constraint field is computed on an n-sheeted branched torus. The
boundary condition of the harmonic component of the gauge field on the homology
cycles of the genus g Riemann surface is central to the final result.
This calculation is complementary to that of arXiv:1510.05993, which presents the
bose side of the bose-fermi equivalence.
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1. Introduction
The treatment of entanglement entropy (EE) and Re´nyi entanglement entropy (RE)
in the presence of gauge fields in still a developing open issue. The problem is that one
cannot express the Hilbert space of the theory as a direct product H 6= HA ⊗ HB,
separating two regions A and B because a Gauss law constraint is not localized.
Several proposals have been advanced usually evaluating the theory on a lattice,
with suitable constraints on the boundary links of the lattice. A number of studies
have pursued this approach [1–25].
One strategy is to extend the Hilbert space H → H, so that for the extended
space H = HA × HB is realized, compute EE or RE on the extended space and
project the final result to H. To date this approach has only carried out on a lattice.
In this paper we discuss the RE for the ŜU(N)1 WZW model on a branched
torus. This theory has the advantage that there are two presentations of the theory
as a consequence of the bose-fermi equivalence. In the bose formulation there are
no gauge fields, and the RE can be unambiguously calculated [26, 27]. In the fermi
presentation
ŜU(N)1 =
Uˆ(N)1
U(1)
(1.1)
there are N free fermions constrained by a U(1) gauge field. In this sense, the
extended Hilbert space H is that of U(N)1, and the final result for the RE is obtained
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when the constraint gauge field is considered. The consequences of the U(1) gauge
field are non-trivial as fermions in the presence of a constant gauge field is equivalent
to free fermions with twisted boundary conditions [28], [29].
In eq (1.1) for genus ≥ 1 one expands the gauge field in a Hodge decomposition.
The exact and co-exact fields in the decomposition contribute to the RE in a straight
forward way, essentially as scalar fields. The harmonic component of the gauge
field contributes a fermi determinant with twisted boundary conditions, where the
contributions of the harmonic component of the constraint gauge field removes any
U(1) charge circulating around a homology cycle.
This study of the RE for ŜU(N)1 on a branched torus examplifies the strategy
of extending the Hilbert space H = HA × HB and projecting the final result. The
computation of this paper and of [26] are heavily dependent of the methods devel-
oped in [27], and the bose-fermi equivalence demonstrated for ŜU(N)1 for arbitrary
genus in that paper. The bose-fermi equivalence used here gives us confidence in
the strategy employed in this paper. A challenge is to extend these ideas to other
examples with continuum gauge fields, particularly when there is not a bose-fermi
equivalence available to check the results.
Some papers which we found useful for our work are [30–56]
2. The Action
We are interested in the Re´nyi entropy for theWZW theory ŜU(N)1 on an n−branched
torus, where
ŜU(N)1 =
Uˆ(N)1
U(1)
(2.1)
is described by N free fermions, constrained by a U(1) gauge field. This approach
is complementary to that of the bose formulation of the same theory [26], where a
free boson field takes values on a N−dimensional lattice. Here we concentrate on
the fermi presentation of the theory, where Û(N)1 spans a Hilbert space H which is
projected to ŜU(N)1, by the U(1) gauge field.
We compute the Re´nyi entropy by means of the replica trick, where the Re´nyi
entropy is
Sn = − 1
n− 1 log Trρ
n
A (2.2)
In two-dimensional space-time, we consider the submanifold as that of a single inter-
val on the torus. The two-dimensional theory is defined on a complex plane so that
the Re´nyi entropy becomes
Sn = − 1
n− 1 log
(
Zn
Zn1
)
(2.3)
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where Zn is the partition function for the n−sheeted Riemann surface which re-
sults from connecting the n−complex surfaces along the branch cuts; here the single
interval. For a single interval we denote the surface as Rn,1.
The Lagrangian density does not depend explicitly on the Riemann surface, so
that the structure of Rn,1 is implemented by appropriate boundary conditions. The
partition function is schematically of the form
ZRn,1 =
∫
[dϕ] exp{−Sn[ϕ]} (2.4)
where ϕ denotes all the various fields of the theory. [Below we will be more explicit
about the specific fields involved in our calculation.] We consider n−copies of the
theory, with the partition function (2.4) written as a path integral on the n−sheeted
torus.
ZRn,1 =
∫
C1
[dϕ1 · · · dϕn] exp{ 1
2π
∫
C
(2idz ∧ dz¯)[L[ϕ1] + · · ·+ L[ϕn]]} (2.5)
where
∫
C1
is the restricted path integral with appropriate boundary conditions.
For Uˆ(N)1/U(1) the partition function is schematically as in (2.5), where
ZRn,1 =
∫
[dχ][dχ˜][dAµ][dA¯µ] exp(−IF [χ;A])n (2.6)
with the Lagrangian evaluated on Rn,1. One copy of the Lagrangian as in (2.5),
(2.6), is
IF [χ,A] =
1
π
∫
d2z[χ¯a(z)(∂¯ + iA¯)χ
a(z) + ˜¯χa(z¯)(∂ + iA)χ˜
a¯(z¯)] (2.7)
where a = 1 to N , χa and χ˜a¯ are independent representations of U(N) and the
conjugate representations, respectively. The Ai(z, z¯), i = 1, 2 are components of a
U(1) gauge field. In eqn. (2.7)
A = Az =
1
2
(A1 − iA2)
A¯ = Az¯ =
1
2
(A1 + iA2) . (2.8)
One can make the Hodege decomposition on a genus g Riemann surface with the
harmonic component A0 so that
Aµdx
µ = Adz + A¯dz¯ + A0 (2.9)
where
A0 = 2π
g∑
a=1
[uaαa − vaβa] (2.10)
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and where ua and va are real constants, with the homology basis (aa, ba) of one-forms,
such that ∫
aa
αb = δab ;
∫
ba
αb = 0∫
aa
βb = 0 ;
∫
ba
βb = δab (2.11)
Change variables on each copy of the Lagrangian density, i.e.
A = i(∂h¯)h¯−1
A¯ = i(∂¯h)h−1 (2.12)
where h and h¯ are diagonal N × N matrices belonging to U(1)c (i.e. complexified
U(1)). The reality condition A† = A¯ imposes h¯† = h−1, where the matrices h and h¯
are
h = e−ρ−iλI
h¯ = eρ−iλI (2.13)
and where I is the N ×N unit matrix. Thus for each copy of the Lagrangian
A = ∂λ + i∂ρ
A¯ = ∂¯λ− i∂¯ρ (2.14)
Upon changing variables, (2.12, 2.13, 2.14), eqn. (2.7) becomes schematically
ZRn,1 = Zgh
∫
[dχ][dχ¯][dh][dh¯][dA0] exp(−IF [χ,A])n (2.15)
where Zgh denotes the Jacobian induced by the change of variables (2.12, 2.13, 2.14).
The coupling of the fermions to λ and ρ can be rotated away by gauge and chiral
transformations, at the price of a chiral anomaly IB[e
2ρ
I], but the coupling of the
fermions to the harmonic component A0 remains. Choose the gauge λ = 0, which
involves no non-trivial Jacobian, allowing one to drop the λ integration. The gauge
coupling to the fermions becomes
χ = hψ; χ˜ = ψ˜h−1
χ¯ = h¯ψ¯; ˜¯χ = ˜¯ψh¯−1 (2.16)
The measure is not invariant under the chiral transformation, but picks up a factor
of exp(IB[h
−1, h]), where IB[g] is the WZW action
IB[g] = − 1
8π
∫
d2zTr[g−1(∂ig)g
−1(∂ig)] (2.17)
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for g ∈ U(1)c. Since this group is abelian, there is no topological terms in (2.17).
At this stage (2.15) becomes
ZRn,1 = Zgh
∫
[dψ][dψ¯][dh][dh¯][dA0] exp(−IF [ψ,A0])n exp(−IB[h−1, h])n (2.18)
Equation (2.18) is not quite correct, even as a formal expression, since the integration
is over infinite volume, which can divided out. One arrives at
ZRn,1 = Zgh
∫
[dψ][dψ¯][dρ][dA0] exp(−IF [ψ,A0])n exp(−N
2π
∫
d2z(∂µρ)(∂
µρ))n
(2.19)
One can change the normalization of ρ, as follows
ρ(z, z¯) =
1√
N
Φ(z, z¯) (2.20)
The free boson action in (2.19), now will have the normalization
IB[Φ] = −IB[e2ρ]
=
1
2π
∫
d2z(∂iΦ)(∂
iΦ) (2.21)
The equations of motion imply
Φ(z, z¯) =
1
2
[φ(z) + φ¯(z¯)] (2.22)
The final expression becomes
ZRn,1 = Zgh
∫
[dψ][dψ¯][dΦ][dA0] exp(−IF [ψ,A0])n exp(−IB[Φ])n
(2.23)
where the ghost modes describe a CFT with central charge cgh = −2. Equations
(2.21, 2.22) imply the genus zero two-point functions
〈φ(z)φ(ω)〉 = − log(z − ω)
〈φ¯(z¯)φ¯(ω¯)〉 = − log(z¯ − ω¯) (2.24)
To reiterate, the fermi and bose actions in (2.19) are given by n-copies, as schemat-
ically in (2.5)
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3. The Partition Function
3.1 Monodromies
The fermions and bosons in (2.18) obey different periodicity conditions in j, where
j labels the jth Riemann sheet, j = 1 to n. Generically, on circling a branch-point
φj(ze
2πi) = φj+1(z) for bosons and (3.1)
ψj(ze
2πi) = ψj+1(z) for fermions (3.2)
with
φj+n = φj (3.3)
and
ψj+n = (−1)n−1ψj (3.4)
The U(N) free fermi fields satisfy
ψaj (ze
2πi) = ψaj+1(z) (3.5)
ψ¯j,a(ze
2πi) = ψ¯j+1,a(z) (3.6)
ψ˜a¯j (z¯e
−2πi) = ψ˜a¯j+1(z¯) (3.7)
˜¯ψj,a¯(z¯e
−2πi) = ˜¯ψj+1,a¯(z¯) (3.8)
on circling a branch point.
The harmonic component of the U(1) gauge field also satisfies the boson monodromies
A0j (ze
2πi) = A0j+1(z) (3.9)
A¯0j (z¯e
−2πi) = A¯0j+1(z¯) (3.10)
It is convenient to diagonalize the fields with respect to the monodromies (k = 1 to
n). Generically for the bosons
φˆk(z) =
n∑
j=1
φj(z)(θj)
k (3.11)
where
(θj)
k = e2πijk/n (3.12)
so that
φj(z) =
n∑
k=1
(θ−1j )
kφˆk(z) (3.13)
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where
(θ−1j )
k =
1
n
e−2πijk/n (3.14)
Similarly diagonalizing the various fermions with respect to the monodromy1gives
ψˆk(z) =
n∑
j=1
ψj(z) exp
2πij
n
[k − 1
2
(n− 1)]
=
n∑
j=1
ψj(z)(θ˜j)
k (3.15)
so that
(θ˜−1j )
k =
1
n
exp−2πij
n
[k − 1
2
(n− 1)] (3.16)
3.2 The fermion action
From (2.7), (2.16) and (2.18) the fermion action is
IF [ψ,A
0]n =
{
1
π
∫
d2z[ψ¯a(z)(∂¯ + iA
0)ψa(z) + ˜¯ψa¯(z¯)(∂ + iA
0)ψ˜a¯(z¯)]
}
n
(3.17)
Diagonalize the fields as in (3.11)-(3.16), and then to simplify the notation, omit the
hat in the fields. That is, write ψ¯a,k(z) instead of ψˆa,k(z), etc. Then in terms of the
diagonal fields, the Lagrangian density appropiate to (3.17) becomes
1
n
{
n∑
k=1
ψ¯a,k(z)[∂¯ + i
n∑
j=1
A¯j(z)(
1
n
e−
2pii
n
(j−k))]ψak(z) + h.c.
}
(3.18)
The functional integral over the N Dirac fermion coupled to the constant (in z) gauge
field is equivalent to that of a free fermion with twisted boundary conditions. []
On a compact genus g Riemann surface without branch-cuts, one can choose a
canonical homology basis (2.11). An alternate basis of one-forms are the holomorphic
and anti-holomorphic differentials ωa and ω¯a on the surface, whose integrals around
the homology cycles in this basis are∫
aa
ωb = δab
∫
ba
ωb = Ωab∫
aa
ω¯b = δab
∫
ba
ω¯b = Ω¯ab (3.19)
where a = 1 to g, and Ωab is the g × g period matrix of the surface.
For a Riemann surface with branch-cuts, an appropriate basis is that of cut-differentials
1We use the monodromy of [57] as convenient. See also C. P Herzog and Y. Wang [58]
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[28]. For the branched-torus we are considering, the appropriate basis are the doubly-
periodic cut-differentials ωk1(z) and ω
k
2(z); k = 1 to n and their integrals over the
intervals 0 ≤ z ≤ 1 and 0 ≤ z ≤ τ [Appendix A of [26]]
The fermi action in the presence of a constant gauge field is equivalent to that
of free fermions with twisted boundary conditions, where the result is expressed in
terms of the period matrix of the surface [29]. Thus our task is to identify the period
matrix for the surface, described by the basis of cut-differentials. To do so, one
expands the gauge field in (3.18) in this basis. Note the normalization
1
W
1(k)
1
∫ 1
0
dz ωk1 = 1 (3.20)
1
W
1(k)
1
∫ τ
0
dz ωk1 = −
[
W
2(k)
2
W
1(k)
1
]
(3.21)
for the torus (at each k) 0 ≤ σ1 ≤ 1 and 0 ≤ σ2 ≤ τ .
Therefore from (3.18) the period matrix in this basis is
Ω(k)rs =
16π
n
[
W
2(k)
2
W
1(k)
1
]
(e−2πik/n)r−s (3.22)
where the overall normalization is chosen to agree with that of equation (4.19) in the
bose formulation [26]. Proceeding 2 as in equation (6.7) of [29] and then (4.26)-(4.36)
and (4.65) of [27], we find
Zfermi = Zhom exp−
n∑
k=1
S(k) (3.23)
where
βk/n =
∣∣∣∣∣W 2(k)2W 1(k)1
∣∣∣∣∣ (3.24)
and
S(k) =
16π
n
n−1∑
r,s=0
N−1∑
a=1
{βk/nmar(Ck/n)rsmas
+(βk/n)
−1 nar(Ck/n)rs n
a
s} (3.25)
with mar and n
a
r ∈ Z. After summation over k, the phase in (3.17) reduces to
(Ck/n)rs = cos[
2πk
n
(r − s)] (3.26)
2We omit repeating these readily available details in the interest of clarity of the presentation
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In (3.23) there is also a homogeneous contribution to the fermi action.
One performs a Poisson summation on (3.23)-(3.25) with the result
Zfermi = Zhom
n∏
k=1
(βk/n)
1/2 exp−
n∑
k=1
S(k) (3.27)
where now
S(k) =
16π
n
n−1∑
r,s=0
N−1∑
a=1
(βk/n){mar(Ck/n)rsmas
+nar(Ck/n)rs n
a
s} (3.28)
Finally from a calculation analogous to Sec 4.2 of [26], the homogeneous contribution
is 3
Zhom =
1
|η(τ)|2Nn
n−1∏
k=0
∣∣∣∣ θ′1(0|τ)θ1(z1 − z2|τ)
∣∣∣∣2∆ψ (3.29)
where
∆ψ =
N
2
(k/n)2 (3.30)
3.3 The remaining action
From (2.19)-(2.21) there remains
ZghZΦ = Zgh
∫
[dΦ] exp(−IˆB [Φ])n (3.31)
with IˆB given by (2.21) and (2.22). A calculation analogous to that of equation
(4.30) of [26] gives
ZΦ =
1
|η(τ)|2n
n−1∏
k=0
{
1
|W 1(k)1 W 2(k)2 |1/2
∣∣∣∣ θ′1(0|τ)θ1(z1 − z2|τ)
∣∣∣∣2∆Φ
}
(3.32)
where
∆Φ =
1
2
(k/n)2 (3.33)
and
Zgh = |η(τ)|4n
n−1∏
k=0
∣∣∣∣ θ′1(0|τ)θ1(z1 − z2|τ)
∣∣∣∣2∆gh (3.34)
where
∆gh = −(k/n)2 (3.35)
3There is also an overall normalization in the final partition function which one fixes to agree
with the bose-fermi equivalence
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3.4 The complete Action
The complete action is
Z = ZfermiZghZΦ
=
1
|η(τ)|2(N−1)n
n−1∏
k=0
{
1
|W 1(k)1 |
∣∣∣∣ θ′1(0|τ)θ1(z1 − z2|τ)
∣∣∣∣2∆k/n
}
|Θ(0|iΩ)|2 (3.36)
where
∆k/n =
N − 1
2
(k/n)2 (3.37)
and
Θ(0|iΩ) =
∑
~m∈Z
exp[−π~mr · Crs · ~ms] (3.38)
The final result (3.36) is normalized to be identical to that of (4.32) of the bose
formulation [26].
4. Conclusions
The existence of the bose-fermi equivalence for the ŜU(N)1 WZW model on the
branched torus provides confidence in our treatment of the constraint U(1) gauge
field. However, since the RE depends on a Riemann-Siegel theta function, it is not
possible to take the n→ 1 limit to compute the EE. Nevertheless an important aspect
of the calculation is the expansion of the U(1) gauge field in a Hodge decomposition
with the harmonic component essential to the final result, which ensures that there
are no U(1) charges circulating around the homology cycles. It is the contribution
of this term that cannot be continued to n → 1. On the other hand the closed and
co-closed components lead to contributions analogous to that of conventional scalar
field theories, so that the continuation to n→ 1 for these terms is not an issue, and
that an extended Hilbert space is not needed here.
It is difficult to compare our results directly with that of lattice calculations where
the set-up of an extended Hilbert spaceH = HA×HB is also employed. Typically the
lattice formulation provides constraints on the normal component of an electric field
on the boundary of A, as well as a scalar field living on the boundary of A. Here the
gauge field is likely analogous to a sector with E⊥ = 0 on the boundary. However note
that both the classical and quantum contributions are necessary to obtain agreement
with the bose formulation, while only the quantum piece is distillable [22], [23].
There are some generalizations of the ŜU(N)1 WZW theory that can be con-
sidered. One can add a kinetic energy term or other terms depending on the U(1)
– 10 –
gauge field, but there will no longer be a bose-fermi equivalence to check the results.
One can also generalize the constraint to a non-Abelian gauge field so that
ŜU(N)K =
Uˆ(NK)1
U(K)
can be considered. However a comprehensive overall strategy for continuum gauge
fields is still needed.
For another application of fermi-bose equivalence to entanglements issues see [59],
and for other aspects of bose-fermi equivalence see [60, 61]
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